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A BSTRACT. Hidden Markov models (HMMs) are flexible time series models in which the observed
process depends on unobserved serially correlated states. The state-dependent distributions in HMMs
are usually taken from some class of parametrically specified distributions. The choice of this class can
be difficult, and an unfortunate choice can have serious consequences for example on state estimates
and on the interpretation of the underlying system. In a recent paper, Yau et al. (2011) suggested a
Bayesian approach for estimating the state-dependent distributions in a nonparametric way. We consider
an alternative likelihood-based approach, which is based on the idea of representing the densities of the
state-dependent distributions as linear combinations of a large number of standardized B-spline basis
functions, imposing a penalty term on non-smoothness in order to maintain a good balance between
goodness of fit and smoothness.

1

I NTRODUCTION

Due to their versatility and mathematical tractability, hidden Markov models (HMMs) have
become immensely popular tools for modeling time series in which the observations depend
on underlying nonobservable states that are correlated over time. A basic HMM involves two
components: 1) an observed time series, which is typically referred to as the state-dependent
process, since each of the corresponding observations is assumed to be generated by one of
N distributions as determined by the state of 2) an underlying (hidden) N-state Markov chain.
In other words, each observation in an HMM is modeled as outcome of a mixture distribution
with N components, where the sequence of chosen components is a realization of a Markov
chain. Given the current state, each observation is typically assumed to be conditionally independent from previous observations and states. Usually the Markov chain is assumed to be
of first order (but see, e.g., Langrock, 2012, for other structures). A key property of HMMs is
that dynamic programming algorithms can be used to efficiently evaluate the likelihood and to
estimate the unobserved state sequence. HMMs have been successfully applied in a diverse
range of fields, including DNA sequence analysis (Durbin et al., 1998), finance (Langrock
et al., 2012; Banachewicz et al., 2008), medicine (Langrock et al., in press) and ecology
(Zucchini et al., 2008; Langrock and King, in press).
In the existing literature on HMMs, it is usually assumed that each state-dependent distribution is from a class of parametrically specified distributions. Choosing a parametric family

which is sufficiently flexible yet tractable can be difficult, for example if the true (unknown)
state-dependent distribution is heavy-tailed, skewed or multi-modal. An unfortunate choice
of the parametric family can lead, inter alia, to a poor fit, to biased estimates of the state
transitions (and hence also to a bad performance of the state decoding), to poor predictive
power and also to wrong conclusions regarding the underlying system to be modeled. In a recent paper, Yau et al. (2011) suggested a nonparametric specification of the state-dependent
distributions of an HMM for a time series of continuous-valued observations. Their approach
involves mixtures of Dirichlet processes and uses computationally expensive Markov chain
Monte Carlo (MCMC) simulation techniques.
We pursue the same aim as Yau et al. (2011), namely to fit the state-dependent distributions in a nonparametric way. However, we consider an alternative non-Bayesian estimation
approach and an alternative specification for the state-dependent distributions. We represent
these as linear combinations of a large number of standardized B-spline basis functions, while
imposing a penalty on non-smoothness in order to arrive at an appropriate balance between
goodness of fit and smoothness for the fitted densities. This essentially leads to an overparameterized model since, in fact, each B-spline basis function is still associated with a separate
parameter, leading to a finite dimensional model, but the dimensionality is high and the separate parameters are no longer of interest or interpretable. We therefore call our approach
nonparametric despite the fact that it relies on a parametric specification with a large number of parameters. This is in line with the standard terminology in the statistical literature on
smoothing methods where (penalized) spline approaches are also subsumed under nonparametric approaches (see, for example, Ruppert et al., 2003). We expect our approach to be
particularly useful in scenarios where the distribution of observations within states appears
to be of a complicated form, making it hard to specify a suitable parametric family. It can
also be used as an exploratory tool in cases where it is not immediately clear how to choose a
parametric specification. Our approach is fairly easy to implement and exploits the strengths
both of likelihood-based HMM machinery and of penalized B-splines (i.e., P-splines).

2

HMM S WITH NONPARAMETRIC STATE - DEPENDENT DISTRIBUTIONS

We begin by reviewing some basics on HMMs, also introducing the required notation. For
T ,
an HMM, the observable state-dependent process in the following is denoted by {Xt }t=1
T
and the underlying nonobservable N-state Markov chain by {St }t=1 . We consider the basic
dependence structure where given the current state of St , the variable Xt is conditionally
independent from previous and future observations and states, and where the Markov chain
is of first order. Figure 1 displays the dependence structure of such an HMM in a directed
acyclic graph.
For a homogeneous Markov chain, we summarize the probabilities of transitions between
the different states in the N × N transition probability matrix (t.p.m.) Γ = (γi j ), where

γi j = Pr St+1 = j|St = i , i, j = 1, . . . , N.
The initial state probabilities are summarized in the vector δ = (Pr(S1 = 1), . . . , Pr(S1 = N)).
It is typically assumed that δ is the stationary distribution of the Markov chain (if that exists).
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Figure 1. Dependence structure of a basic HMM.

Parameter estimation for HMMs can usually be done by (numerically) maximizing the
log-likelihood. For an HMM as described above, with observations given by x1 , . . . , xT , underlying states denoted by s1 , . . . , sT and parameter vector θ, the likelihood is given by

L HMM (θ) = f (x1 , . . . , xT )
N

=
=

N

∑ ... ∑

s1 =1

sT =1

N

N

f (x1 , . . . , xT |s1 , . . . , sT ) f (s1 , . . . , sT )
T

T

∑ . . . ∑ ∏ f (xt |st )δs1 ∏ γst−1 ,st .
sT =1 i=t

s1 =1

t=2

Here f was used as a general symbol for a density, either discrete or continuous. In this form
the likelihood involves N T summands, which would make numerical maximization infeasible
even for a small number of states N and a moderate number of observations T . Fortunately,
there is a much more efficient way of calculating the likelihood L HMM (θ), given by a recursive scheme called the forward algorithm. To see this, we consider the vectors of forward
variables, defined as

αt = αt (1), . . . , αt (N) , t = 1, . . . , N,
where αt ( j) = f (x1 , . . . , xt , St = j) for j = 1, . . . , N .
Then we can apply the recursive scheme:
α1 = δQ(x1 ) ,
αt+1 = αt ΓQ(xt+1 ) ,

(1)


where Q(xt ) = diag f1 (xt ), . . . , fN (xt ) , with fi (xt ) = f (xt |St = i) denoting the density of
the i-th state-dependent distribution. The recursion (1) can easily be derived using the HMM
dependence assumptions and some straightforward matrix algebra (see, e.g., the proof of
Proposition 2 in Zucchini and MacDonald, 2009). The likelihood can then be written as a
matrix product:
N

L HMM (θ) = ∑ αT (i) = δQ(x1 )ΓQ(x2 ) . . . ΓQ(xT )1 ,
i=1

(2)

where 1 ∈ RN is a column vector of ones. The computational cost of evaluating (2) is linear in
the number of observations, T , such that a numerical maximization of the likelihood becomes
feasible in most cases.
We are concerned with the nonparametric estimation of the densities f1 , . . . , fN , which
we conduct following ideas from Schellhase and Kauermann (2012). More specifically, we
suggest to represent each of these densities as a finite linear combination of B-spline densities
φ−K , . . . , φK (B-splines standardized such that they integrate to 1):
K

fi (x) =

∑

aik φk (x) ,

i = 1, . . . , N .

(3)

k=−K

Clearly, fi (x) is a probability density function if ∑Kk=−K aik = 1 and ai j ≥ 0 for all j =
−K, . . . , K. To enforce these constraints, the coefficients to be estimated, ai,−K , . . . , aiK , are
transformed using the multinomial logit link
aik =

exp(βik )
∑Kj=−K exp(βi j )

,

(4)

where we set βi0 = 0 for identifiability. The number of B-splines employed in the mixture
specification (3), 2K + 1, determines the potential flexibility, where a larger number of basis
elements will yield estimates that follow the data very closely but may be too wiggly while a
small number of basis elements yields very smooth estimates that may, however, be severely
biased. To overcome the problem of selecting an optimal number of basis elements, we follow the penalized spline approach by Eilers and Marx (1996) and modify the log-likelihood
by including a penalty on the sum of squared (m-th order) differences between coefficients
associated with adjacent B-splines. We hence do not maximize the likelihood given in (2),
but instead a penalized log-likelihood, given by
"
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(5)
∑ ∆ aik ,
i=1 2 k=−K+m
where ∆ak = ak − ak−1 and ∆m ak = ∆(∆m−1 ak ). The parameter vector θ comprises the state
transition probabilities and the parameters βki (−K ≤ k ≤ K, k 6= 0, i = 1, . . . , N), and λ =
(λ1 , . . . , λN ) is a vector of smoothing parameters. The smoothing parameters may be chosen
to be different across states, e.g., if for some state-dependent distributions the (true) densities
are much more wiggly than for others, or if some states of the Markov chain are visited
much less frequently than others, potentially requiring higher penalties on roughness due to
a decreased number of observations being available. We choose the smoothing parameters
using a computer-intensive cross-validation procedure, comparing various values from a prespecified grid using likelihood scores.

3

S OME SIMULATION EXPERIMENTS

To demonstrate the feasibility of the suggested approach, we conduct a simple simulation
experiment. We consider a two-state HMM where the state-dependent densities substantially

overlap, with one of the two distributions being bimodal (see illustration in Figure 2). In
practice these features would make it difficult to specify an adequate parametric HMM based
on a visual inspection of the (bimodal) marginal distribution of the data (e.g., by a histogram).
Also it may intuitively not be clear that our nonparametric approach is able to allocate the
observations associated with the smaller peak of the bimodal distribution (at about x = −5) to
the right state, since the marginal distribution suggests its association with the unimodal state;
without the correlation over time there clearly would be no chance of correctly identifying
the underlying structure. The states of the Markov chain where generated using the t.p.m.
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In each of 20 simulation runs, T = 1000 observations were generated. We then fitted one-,
two- and three-state models in order to additionally illustrate that we are able to do a model
selection on the number of states, N. This model selection, which was based on the likelihood scores obtained in the cross-validation procedure, led to correct identification of the
underlying two-state model in all 20 cases (in each case the scores obtained for the two-state
model were significantly better than for the one-state model, and there was no significant
difference in the scores for the two- and the three-state model, respectively, in which case the
simpler model is to be preferred). For the 20 simulation runs, the sample mean estimates of
the transition probabilities γ11 and γ22 are 0.953 and 0.952, respectively, with sample standard
deviations of 0.007 and 0.011, respectively. The fitted densities of the state-dependent distributions are illustrated in Figure 2. The results demonstrate that the nonparametric approach
works very well in this fairly difficult scenario.
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Figure 2. True (black) and estimated (grey) densities of the state-dependent distributions in the simulation experiments.
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